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1. (10 points) A function f(z,y) is defined by f(z,y) = ﬁyQ at (z,y) #0

and f(0,0) = 0. Prove that f(x,y) is continuous at (0, 0).

Proof. Given € > 0, if ||(x,y)|| < € then for (z,y) # (0,0)
e - 10,0 = L2 < @ s g <o
7y ) _$2+y2_ -'132‘1‘2/2 - y - )y .
Namely, f(x,y) is continuous at (0,0). O
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2. (10 points) Let T3(x) be the third order Taylor polynomial of

centered at 0. Prove that |f(x) — T3(x)| < .01 for |z| < 1.
If you use the remainder term (11) in pp.235, then you may obtain

25 25
~T i

In this case, you can get at most § points.

< .0245.

Proof. We have

= — 9).
f@) =5 gy 5o (D)
Hence,
, 25 , 25 - 21 @) 25 - 31
1 — —
Therefore,
2 a3
Ty(a) = 2 + 2
(@) =5 "5
Hence,
x? 2?2 23 bx?—a2%(5-1x) 28
— T = - — = _ =
f@) =T =5~ 5 ~ 3 5(5 — ) 2
2P _£_5x3—x3(5—$)_ xt
5(5—-z2) 25 25(5—2x2)  25(b—ux)
So, for |z| < 1 the following holds
|| 1 1 1
|f(x) — Ts(z)| =

3505 —2) 25(5—a) ~25(-1) 100



* (sinx)?
3. (15 points) Prove that / ( 2) dx converges.
0+ X )
sin x
(Fact: sinz is continuous and lim =1,
z—0+t T

sin
Proof The condition lim = 1 implies that there exists § > 0 such
z—0t X
< 1 holds for z € (0,6). Namely, (0,9).
5 7 (sinz)?
Since f0+ 4dx converges to 46, by the comparison theorem 5 —dx
x
converges. 0"
N2
1
Next, we can observe (Sm; ) < por Moreover, we have
—1t 1 1 1
lim —dx = lim —| = lim —— + - = -,
t—+o0 t—o+oo x 1§ t—+oo 6 0

namely / —dx converges. Hence, the comparison theorem implies the
x2

* (sin x)? * (sinx)?
5——dz. Hence, 5——dx converges.
0+ T

convergence of
E} T



o
1
4. (25 points) Prove that f(x) = ———— is continuous but not uni-
(25 points) Prove that f(2) = 3
formly continuous on (0, 1].

Proof. First of all, the functions u,(z) = (n?2? + x)~! are continuous on
(0,1] by Theorem 11.4C.
Given an interval [r,1] C (0, 1], we have

[Un(@)] € 53— < 5 < —

Up(x .

" “nlx?+x  n2a? T n?r?

Moreover, > > 2 —3 converges, because > —12. Hence, Theorem 22.2B

guarantees the unlform convergence of Zun( ) on [r,1]. Therefore, f(x) is
continuous by Theorem 22.3.

Now, we assume that f(x) is uniformly continuous on (0,1]. Then,
{f(ay)} is a Cauchy sequence if {a,,} C (0, 1] is a Cauchy sequence. (See the
practice pset or pset 5.) Since {1} converges to 0, it is a Cauchy sequence.
Therefore, {f(1)} is a Cauchy sequence, and thus it converges.

However,

Su(i) =X () =X (an) =i

k=1 k=1 k=1

S|=

Moreover, u;(1) > 0 implies

S
~

for all m > n. Thus, the limit location theorem leads to 1+n—1 < f(
Namely, f (%) tends to the infinity, and thus diverges. D
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5. (20 points) We define a function f on R? by f(z,y) = zsin ( o 2)
Y
at (x,y) # (0,0), and f(0,0) = 0. Prove that following.
(a) f(z,y) is continuous at (0,0). (Thus it is continuous on R2.)
(b) f(x,y) is uniformly continuous on R2.

(You can use the fact that f(z,y) is continuous on R? \ {(0,0)}. Also, you
can use the fact that sint is differentiable and (sint)’ = cost.)

Bastically, it is the same to the problems 8 in the practice pset. Reading
the proof, it would be good to draw the regions Si,S2 and the lines of the
integrals.

Proof. Given € > 0, if (x,y) # (0,0) and ||(z,y)|| < € then
[f(z,y) = f(0,0)] < fa] < Va2 + 32 = [[(z, )] <,

namely f(z,y) is continuous at (0,0). Thus, f(z,y) is continuous on R?.
Next, we define S1 = [-2,2]2 = {(z,y) : |z| < 2,]y| < 2}. Then, S is

a compact set by Theorem 24.6. Therefore, f(z,y) is uniformly continuous
on S1 by Theorem 24.7C.

We also define Sy = R?\ [-1,1]2 = {(z,y) : max(|z|,|y|) > 1}. Given
x € R, we define g,(y) = f(x,y). Then, at (x,y) € Sy we have

2zy 1
()] —
192 (W)| = mcos(_ $2+y2)

Similarly, we define hy(z) = f(z,y). Then at (z,y) € Sa we have

2zy 1 1

< < < <1.
SR T 21 T max(a? )

|h! ()] < sin(—;) + 27%2003(—;)

Y — m2+y2 (x2+y2)2 $2+y2
<1+L<1+#<3.
N x? +y? T max (22, y?) ~

Given e > 0,if (z1, 1), (z2,y2) € Sz and ||(z1, y1)— (22, y2)|| < 15 min(e, 1),
then we have |21 — 22|, |y1 — 2| < 15 min(e, 1).

We may assume |z1| > |y1| and |z2| > |ya|. Then, we have x1,z0 > 1
because of |21 — 22| < 55 and |z1], [22] > 1. Thus, the FTC implies

|f(z1,91) = f(21,92)] = 192, (Y1) — 92, (y2)| = ( /y2 gél(y)dy‘

max(y1,y2) , max(y1,y2) €
s/ \gx1<y>|dys/ dy = 1 — o] < <,

min(y1,y2) min(y1,y2) 4
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because we have (x1,y) € Sy for y € R by x; > 1. Also,

£ a1,92) = £ 2,30)] = Von(0) = )] = | [ 1, ()]

max(z1,r2) , max(z1,r2) 3¢
§/ |y, (2)]dx < / 3dy = 3|y — x| <

min(z1,x2) min(z1,x2) 4’
namely |f(z1,y1) — f(z2,52)| <€
In the case |y1| > |z1| and |y2| > |x2|, one can obtain |f(z1,y1) —
f(z2,y2)| < € in the same manner.
In the case |x1| > |y1| and |y2| > |z2|, one can obtain

[f(@1,91) = f(@2,92)] < 1901 (41) = Gy (W2)] + [ (1) = hyy (2)] < €.

In the case |y1| > |z1| and |z2| > |y2|, one can obtain

|f(z1,91) = f(m2,92)] < Ay, (21) = By, (22)] + 1925 (Y1) — 925 (32)| < €.

Hence, f(z,y) is uniformly continuous on Ss.

In conclusion, given € > 0 there exist 01,02 > 0 such that |f(z1,y1) —
f(w2,y2)| < € holds if ||(x1,y1) — (z2,92)|| < & and (w1,31), (z2,92) € Si
for each i = 1,2. We now define 6 = min(dy, o, %0) and assume ||(x1,y1) —
(z2,92)|| < 4. Then, we have (z1,y1), (z2,y2) € S1 or (z1,y1), (T2,y2) € S2.
Thus, |f(x1,y1) — f(x2,y2)| < €, namely f(z,y) is uniformly continuous.

O

When you study the Cauchy integral in Complex Analysis, it would be
good to compare with this problem.

The Cauchy integral is much more elegant.



6. (20 points) Let f(z,y) be a continuous function on R? such that

lim  f(z,y) = ——o

()| —+o0 N2

Prove that f(x,%) is bounded on R2.

Proof. There exists R > 0 such that
x
x,Y) — ——
-
holds for ||(x,y)|| > R. Namely,

)] < 'f(:c,y) -

holds for ||(z,y)| > R.

<1,

X

+

<2,

’ x

Next, K = {(z,y) : 22 + y*> < R?} is a compact set by Theorem 25.1B.
Thus, f(x,y) attains its maximum M; and minimum Ms on K by Theorem
24.7B. Hence, we have My < f(x,y) < M; on K, namely |f(z,y)| < |Mi|+
|Ma| on K.

In conclusion,
holds for (z,y) € R2. O
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7. (20 points) Determine whether the following statements are true or false.
If false then provide a counterexample. You do not need to verify your
answer.

(1) A infinitely many times differentiable function is a analytic function.

Proof. F: f(x) = e"x at x> 0 and f(z) = 0 for z < 0. Then, its Taylor
series at 0 is 0 # f(z). O

(2) Let {U,}nen be a sequence of open sets in R?. Then, the intersection
N2, U, is an open set in R2.

Proof. F: Up = {(x,y) : 2% + y* < -5} are open sets, but N7, U, = {(0,0)}
is a closed set.

(3) Let f(x,y) be a continuous function defined on R2. Then, f(x,y) has
the maximum on the set S = {(x,y) : 22 <1,-1 <z +y <1}

Proof. T: You can draw the set S and simply check that S is contained the
unit disk. Hence, S is bounded. Also A = {? <1}, B = {z +y > 1}, and
C = {z +y < 1} are closed by Theorem 25.1B. Thus, S = ANBNC is
closed. Thus, Theorem 25.2 implies that S is compact. So, f(x,y) has the
maximum on S by Theorem 24.7B. O

(4) Let f(x,y) be a continuous function on R? such that
x

lim flz,y) = —.
ll(z,y)||—=+o0 (z.9) Va2 +y?

Then, f(z) attains its maximum or minimum on R2.

Proof. F: f(z) = W\/iinyQ arctan(z? + y?) at (x,y) # (0,0) and £(0,0) = 0.

If you don’t like arctan, you can replace it by any continuous function
g(2? 4+ y?) such that |g(r)| < 1, g(0) = 0, and g(r) — 1 as r — +o0. O
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(5) Assume that f(z) is a uniformly continuous function defined on [1, +00).

Then, @)

is bounded on [1, +00).

Proof. T: There exists § > 0 such that |f(z) — f(y)| < 1 if |z —y| < 0 and
x,y > 1. Then, given x > 1, there exists a natural number m such that
1+ (m—1)d <x <1+ md. So, we have
m—1
@) = PO <If (@) = £+ (m = D)8)] + 3 [F(1+ k) - f(1)]

k=1
-1
<1+ 1=m.
1

3

>
Il

Thus, x < 14+ md yields
@) < [f)]+[f(@) = FOI < [FO]+m < [fQ)] + %(w -1 <|fl+

Hence, for x > 1

> 8

0

Remind that differentiable functions with bounded derivatives are umni-
formly continuous. But the uniform continuity does not imply the bound-
edness of the derivative. However, the boundedness of @ implies that the
slope of f(x) is bounded in "large scale”.

(6) If fol f(z)dz and f01 g(z)dx converge, then fol f(z)g(z)dx converges.
Proof. F: f(z) = g(x) = % O

x
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8. (20 points, bonus problem) Let I' = {(z,y) € R? : 22 + y? = 1} denote
the unit circle.

We call a subset U C T relatively open if there exists an open set U C R?
such that U = I'NU. Also, a subset V' C T is relatively closed if there exists
a closed set V' C R? such that V=TnV.

Prove that if a non-empty subset A C T is relatively open and closed,
then A =T.

Proof. To begin with, we observe that I' = {(cos 6, sin6) : § € R}. We define
aset © = {0 € R: (cosf,sinf) € A}. Since A is a non-empty set, we may
assume 0 € © without loss of generality.

Next, by definition of the relatively open sets, there exists an open set
U € R? such that A = U NT. Thus, (1,0) = (cos0,sin0) € A C U. Hence,
by definition of the open sets in R2, there exists € > 0 such that the open
ball B¢((1,0)) is contained in U. Therefore, B.((1,0))NT =UNT = A.

On the other hand,

1(1,0) — (cosB,sinB)|| =+/(1 — cos )2 + (sin )2
=Vv2 —2cosf = 2|sin(6/2)].
Since éir%Qsin(G/Z) = 0, there exists § > 0 such that 2|sin(d/2)| < € holds
%

for |#| < §. Namely, (cosf,sinf) € B.((1,0)) holds for 6 € [0, §]. Therefore,
we have [0, 4] C ©.

Now, we can define a set S = {s € [0,+00) : [0,s] C ©}. Then, it is a
non-empty set because of § € S. If there exists some s € S with s > 2,
then we have [0, 27| C [0, s] C ©. Namely, we have the desired result A =T

Thus, we may assume that s < 27 holds for all s € S, namely 27 is an
upper bound for S. By the completeness theorem, 5 = sup S exists.

If s € S then § € [0,5] C ©. Thus, (coss,sins) € A. Then, there exists
some &' > 0 such that [5,5+4 ¢'] C © as like the previous argument. Then,
we have [0,5+ 3] = [0,5] U [5,5+ ¢'] C ©, namely 5+ 6’ € S. Contradiction.

We assume that 5 € S. By the problem 9 in the pset 2, there exists a
sequence {s,} C S such that lims,, = s. Since 5 ¢ S, we have s,, # s.
Now, we let V be the closed set in R? with A = V NT. Then,

(sinsp,coss,) € ACV, lim (sin sy, coss,) = (sin §, cos §).
n—-+o0o

Thus, (sin5,cos 5) is a cluster point of the closed set V, and (sin s, cos §) €
VNnI'= A. So, s € ©. However, we have

0,5) = Up24]0, s,] C ©.
Thus, [0,5] = {5} U[0,5) C ©, namely s € S. Contradiction.



